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Multi-transonic accretion for a spinning black hole has been compared among different disc ge-
ometries within post Newtonian pseudo potential framework. The variation of stationary shock
characteristics with black hole spin has been studied in details for all the disc models and compared
for adiabatic as well as isothermal scenario. The variations of surface gravity with spin for all these
cases have also been investigated.
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a. Introduction. — The inner boundary condition imposed by the event horizon requires that accretion
onto astrophysical black holes may manifest the transonic behavior in general [1–3]. For low angular momentum
inviscid axisymmetric flow under the influence of the post-Newtonian pseudo-Schwarzschild black hole potentials
multi-transonicity may be realized in the phase-portrait of the stationary accretion solutions- leading to the possibility
of the formation of steady standing shock in between the saddle type outer sonic point and the center type middle
critical point [1, 4–13].
The inviscid flow assumption, however, requires that the accretion flow is characterized by reasonably low angular
momentum. Such angular momentum distribution should necessarily be sub-Keplerian. Also, such flow is expected to
possess ab-initio non-zero value of the advective velocity along the equatorial plane of the flow. Such a configuration
may perhaps be better described by a quasi-spherical flow rather than a standard thin disc structure with radius
dependent flow thickness. A conical wedge shaped geometrical configuration may be the appropriate description
for the axisymmetric flow profile under consideration and such geometry may be a better alternative of the flow in
hydrostatic equilibrium in the vertical direction (hereafter flow in vertical equilibrium in brief). Results obtained so
far in the literature for inviscid axisymmetric black hole accretion in vertical equilibrium are, thus, to be compared
with the results obtained using a more general theoretical set up capable of studying various features of the low
angular momentum inviscid axisymmetric accretion in all three different flow geometries usually considered in the
relevant literature, viz., accretion flow with constant thickness, conical wedge shaped flow, and accretion in vertical
equilibrium (Ref [14] and references therein). In most of the works dealing with the multi-transonic accretion flow
deal with the stationary integral flow solutions. Transient phenomena are, however, not quite rare in large scale
astrophysical set up. Hence, it is important to establish that the information obtained from the stationary solutions
are reliable by ensuring that the steady states are stable for black hole accretion - at least for astrophysically relevant
time scales. Such a task may be accomplished by perturbing the set of equations describing the steady state accretion
flow and by demonstrating that such perturbations do not diverge with time. For the pseudo-Schwarzschild black
hole accretion, it has recently been argued [14] that the stationary inviscid flow described by a barotropic equation
of state, are stable under linear perturbation of the mass accretion rate. Such observations remain valid for all three
geometrical flow configurations described in previous paragraphs. Existence of certain mapping of the stationary
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2transonic astrophysical flows (in strong gravity) with certain aspects of the analogue gravity (see, e.g., [15–17] for a
comprehensive discussion about the analogue gravity phenomena in general) has recently been established [18] for
pseudo-Schwarzschild axisymmetric accretion onto a non-rotating black hole for different geometric profiles of the
accreting matter. The corresponding acoustic geometry was realized by studying the transonic properties of the
stationary accretion solutions, and the numerical value of the associated acoustic surface gravity k was estimated. Off
late, the conjecture that most (if not all) of the astrophysical black holes possess non-zero values of the spin angular
momentum (a 6= 0, where a is the Kerr parameter) has gained widespread acceptance [19–39]. It is thus essential
to understand how the black hole spin influences the salient features of the multi-transonic stationary integral flow
solutions as well as to check whether the linear perturbation scheme gets altered with the variation of a. Which, in
turn, would highlight how the space-time structure of the associated acoustic geometry depends on the rotation of
the black hole. Complete general relativistic treatment to address such issues is indeed non-trivial. Although the
stationary multi-transonic solutions are possible to obtain for flows in the Kerr metric [40], full space-time dependent
stability analysis of the transonic solutions does not seem to be amenable within the framework of the general
relativity, especially when attempts are made to provide a complete analytical solution.
Motivated by the aforementioned arguments, in the present work we study low angular momentum inviscid
axisymmetric hydrodynamic accretion onto a rotating black hole using post-Newtonian pseudo-Kerr potentials.
Several such potentials are available in the literature [41–49]. Among all potentials proposed, we however, pick up
the one introduced by Artemova et. al [42] since it has the algebraically simplest form. The primary aim behind
the introduction of a pseudo-Schwarzschild / Kerr black hole potential is to compromise between the convenience
of handing of a Newtonian description of gravity and the space time structure described by complicated general
relativistic calculations. Introduction of such potentials should allow one to investigate the basic physical process
which occur during the accretion phenomena within the framework of a Newtonian construct, hereby avoiding
the formal general relativistic description of the dynamics of the inflowing matter. The intrinsic simplicity of the
algebraic presentation of a pseudo-potential is of paramount importance to let that potential qualify as the useful
one. No particular pseudo-potential stands alone as a significantly superior one (compared to the rest of such
potentials) to mimic all the properties of the full general relativistic Kerr metric - especially while describing the
dynamics of the multi-transonic flow - the potential with the simplest algebraic form will be of significant interest for
the aforementioned purpose.
The viscous transport of angular momentum is not taken into account in this paper. Forty one years after the
introduction of the Standard Disc model [50, 51], exact modelling of viscous transonic accretion flow incorporating
proper heating and cooling effects is still an arduous task. Also, as will be demonstrated later in this work,
construction of acoustic geometry becomes practically impossible for dissipative flow since the viscous effect may
destroy the Lorenz in variance. Large radial (advective) velocity close to the horizon ensures that the viscous time is
larger than the dynamical infall time scale. Large radial velocity even at the larger distance is due to the fact that
the rotational energy of the axisymmetric flow remains relatively low [52–54]. Aforementioned arguments indicate
that the assumption of inviscid flow is not unjustified for low angular momentum flow with initial non-vanishing
advective velocity profile.
For large scale relativistic astrophysical flows, however, the effect of the viscosity and magnetic field may not always
be neglected. As a consequence, dissipative mechanism (through comptonization, bremsstrahlung or synchrotron
processes) may become significant to influence the overall flow dynamics and hence the flow may be subjected to the
turbulent instabilities. Non-linear perturbation may also be of considerable importance to determine the stability
criteria of the flow. Velikov-Chandrasekhar [55] and / or Balbus - Hawley [56] type magneto-rotational instabilities
may be observed close to the black hole event horizon. These additional complexities clearly bring the system to the
risk of complete destruction of the Lorenz symmetries and hence the analytical modelling of the flow profile as well
as of the sonic geometry embedded into it becomes impossible - one has to take recourse to the large scale numerical
simulation to handle such flow profile, which, clearly, is beyond the scope of this work. Also to mention in this aspect
that the axisymmetric configuration of the flow is assumed a-priori and no misaligned flow structure may be handled
using the formalism presented in this paper.
In what follows, we write down the Euler and the continuity equation for matter inflow considered in this
work. Both polytropic and isothermal flow will be analyzed for three different geometric configurations of the flow.
These two equations are then integrated to obtain the corresponding first integrals of motion for the respective
flow configurations. The critical point conditions are derived and the parameter space (spanned by various initial
boundary conditions governing the flow) for the multi-transonic accretion are identified. The regions of the parameter
space for which a steady standing stock may form are determined. A linear eigenvalue scheme to identify the nature
3(whether they are of saddle or of center type) of the critical points is developed. Such a scheme helps to understand
the nature of the two dimensional Mach number vs. radial distance phase portrait from an algebraic point of view -
without explicitly evaluating the integral solutions of the governing flow equations. Formation of stationary shock is
discussed and the parameter sub-space corresponding to the shocked flow is identified. Such a parameter sub-space
for various flow configurations are compared to understand how the geometric configuration of accreting matter
influences the shock formation mechanism. The spin dependence of the salient features of the multi-transonic shocked
flow is investigated.
Once the properties of the stationary solutions are fully understood, a time dependent linear perturbation analysis
of the stationary integral flow solutions is performed for a generic form of the pseudo-Kerr black hole potential
to check whether such perturbations remain non-divergent, to estimate the stability of the steady state accretion
solutions. It is further demonstrated that a space time dependent acoustic metric can be constructed to describe the
propagation of the aforementioned linear perturbation and the corresponding pseudo-Riemannian sonic manifold is
studied. Finally, the black hole spin dependence of the corresponding acoustic surface gravity is studied in somewhat
detail.
Hereafter, the radial distance (measured along the equatorial plane of the flow) and any characteristic velocity will
be scaled in units of
2GMBH
c2
and by c, respectively. Where G, MBH and c are the universal gravitational constant,
mass of the black hole considered, and the velocity of light in vacuum, respectively. We adopt natural unit by setting
G = c = 1.
The expression for the free fall acceleration as provided by Artemova et-al [42] is
f = − 1
r2−β(r − r+)β (1)
The potential corresponding to the above acceleration diverges at the event horizon.
In the above expression
r+ = 1 +
√
1 + a2 (2)
β =
rin
r+
− 1 (3)
rin = 3 + Z2 − [(3− Z1)(3 + Z1 + 2Z2)]1/2 (4)
Z1 = 1 + (1− a2)1/3[(1 + a)1/3 + (1− a)1/3] (5)
Z2 = (3a
2 + Z21 )
1/2 (6)
Explicit expression for the associated black hole potentials is given as
φ =
rβ−2
[
r2
r+−βr+
− r+rr+−βr+
]
(r − r+)β −
1
2
(7)
The Euler and the continuity equation for a generalized pseudo-Kerr potential φ can be expressed as
4u
du
dr
+
1
ρ
dP
dr
+
dφ(r)
dr
= 0 (8)
d[uρrh(r)]
dr
= 0 (9)
In the present paper, the polytropic as well as the isothermal accretion will be considered. The equation of state
corresponding to a polytropic flow is p = Kργ , p, ρ and γ being the pressure, mass, density and the adiabatic index
( γ = Cp/Cv, Cp and Cv are the specific heats at constant pressure and volume, respectively), respectively. The
proportionality constant K may be interpreted as a measure of the entropy content of the flow since entropy per
particle of an ensemble may be expressed as [57],
σ =
1
γ − 1 logK +
γ
γ − 1 + constant (10)
Where the value of the constant depends on the chemical composition of the matter.
For the isothermal flow, the equation of state is expressed as
p =
ρRT
µ
= C2sρ (11)
Where Cs is the position independent (since Cs ∝ T 1/2) isothermal sound speed. R and µ are the universal gas
constant and the mean molecular weight, respectively. T is the proton temperature.
One needs to solve the time independent part of the above two equations to obtain the stationary integral flow
solution (which is necessary to construct the corresponding phase portrait for the transonic accretion). The time
independent Euler and the continuity equations are examples of the homogeneous differential equation of first order
in flow velocity. Integral solutions of such differential equations usually provide the corresponding first integrals of
motion, - i.e., the quantities which remain conserved.
For axisymmetric inviscid hydrodynamic accretion we thus have two first integrals of motion obtained by integrating
the Euler and the continuity equations.
Since the continuity equation implies the conservation of mass, the corresponding first integral of motion -
irrespective of the equation of state is used to describe the flow. The integral solution of the Euler equation will
provide the total specific energy as another first integral of motion for a polytropic flow.
For isothermal accretion, the corresponding first integral of motion is not to be identified with the specific en-
ergy since energy exchange is allowed for such flow to maintain the space invariance of the bulk temperature of the flow.
The mass accretion rate, as we will observe, will be a function of the flow thickness, and will resume different values
for three different geometric configurations of accretion. On the other hand, the first integral of motion obtained from
the Euler equation does not depend on the flow geometry - it rather depends on the equation of state (though the
integration of the term
∫ dp
ρ
contained in the Euler equation).
b. Adiabatic Flow. — The specific energy first integral of motion can be obtained as
E = u
2
2
+
C2s
γ − 1 +
λ2
2r2
+ φ(r) (12)
where u is the advective velocity defined on the equatorial plane.
The mass accretion rates for three different flow geometries are obtained as
5M˙CH = Hrρu (13)
M˙CO = Θρur
2 (14)
M˙V E =
√
1
γ
uCsρ
3/2φ′−1/2 (15)
where H is the half-thickness of the flow and is assumed to be a constant, Θ = H(r)/r , where H(r) is the local
flow thickness. The corresponding entropy accretion rates can be obtained as
M˙ = M˙inγ
1
γ − 1K
1
γ − 1 (16)
[71] The subscript [CH,CO, V E] implies that quantities are evaluated for flow with constant height, in conical
equilibrium and in vertical equilibrium, respectively.
The relation between the space gradient of the dynamical velocity and that of the sound speed may be obtained by
differentiating the expression for the corresponding entropy accretion rates for three different flow geometries.
(
dCs
dr
)
CH
= (1− γ) Cs
u
(
1
2
du
dr
+
u
2r
)
(17)
(
dCs
dr
)
CO
= (1− γ) Cs
u
(
1
2
du
dr
+
u
r
)
(18)
(
dCs
dr
)
V E
=
(
1− γ
1 + γ
)
Cs
u
[
du
dr
+
u
2
(
3
r
− φ”(r)
φ′(r)
)]
(19)
We obtain the velocity space gradient (for three different flow geometries) by differentiating the algebraic expression
for E and by substituting the corresponding values of dCS
dr
(as obtained by differentiating the respective expressions
for M˙)
(
du
dr
)
CH
=
λ2
r3 +
C2
s
r − φ′(r)
u− C2su
(20)
(
du
dr
)
CO
=
λ2
r3 +
2C2
s
r − φ′(r)
u− C2su
(21)
(
du
dr
)
V E
=
λ2
r3 + φ
′ − C2sγ+1
[
3
r +
φ”
φ′
]
u− 2C2su(γ+1)
(22)
Following the usual procedure adopted in the literature (see e.g. [14, 58]) the critical point conditions can be
obtained as
6Constant Height Model:
u2c = C
2
sc = rcφ
′(rc)− λ
2
r2c
(23)
Conical Model:
C2sc = u
2
c =
1
2
[
rcφ
′(rc)− λ
2
r2c
]
(24)
Vertical Equilibrium Model:√
2
1 + γ
(Cs)c = uc =
(
φ′(rc) + γφ
′(rc)
r2c
)(
λ2 + r3cφ
′(rc)
3φ′(rc) + rcφ”(rc)
)
(25)
Substitution of the critical point conditions into the expression for E will provide an algebraic expression of the
following generalized form
E − f(rc, λ, γ) = 0 (26)
The explicit form of such equations for three different flow models under consideration may be obtained as
Constant Height Model:
E − 1
2
γ + 1
γ − 1
[
rc,CHφ
′(rc, CH)− λ
2
r2c,CH
]
+ φ(rc,CH) +
λ2
2r2c,CH
= 0 (27)
Conical Model:
E − 1
4
(
γ + 1
γ − 1
)[
rc,COφ
′(rc,CO)− λ
2
r2c,CO
]
+ φ(rc,CO) +
λ2
2r2c,CO
= 0 (28)
Vertical Equilibrium Model:
E −
[
λ2
2r2c,V E
+ φ(rc,V E)
]
− 2γ
γ2 − 1
[
φ′(rc,V E) + γφ
′(rc,V E)
r2c,V E
λ2 + r3c,V Eφ
′(rc,V E)
3φ′(rc,V E) + rc,V Eφ”(rc,V E)
]
= 0 (29)
A set of values of [E , λ, γ, a] is required to solve the above algebraic expressions to obtain the value of the corre-
sponding critical point rc.
E is scaled by the rest mass energy and includes the rest mass energy itself, hence E = 1 corresponds to a flow with
zero thermal energy at infinity, which is obviously not a realistic initial boundary condition to generate the acoustic
perturbation. Similarly, E < 1 is also not quite a good choice since such configuration with the negative energy
accretion state requires a mechanism for dissipative extraction of energy to obtain a positive energy solution[72].
Presence of any such dissipative mechanism is not desirable to study the inviscid flow model considered in the present
work. On the other hand, almost all E > 1 solutions are theoretically allowed. However, large values of E represents
accretion with unrealistically hot flows in astrophysics. In particular, E > 2 corresponds to extremely large initial
thermal energy which is not quite commonly observed in accreting black hole candidates. We thus set 1.E.2.
A somewhat intuitively obvious range for λ for our purpose is 0 < λ ≤4, since λ = 0 indicates spherically symmetric
flow and for λ > 4 the sub-Keplerian nature is lost and multi-critical behavior does not show up in general.
γ = 1 corresponds to isothermal accretion where the acoustic perturbation propagates with position independent
speed. γ < 1 is not a realistic choice in accretion astrophysics. γ > 2 corresponds to the super-dense matter with
considerably large magnetic field and a direction dependent anisotropic pressure. The presence of a dynamically
important magnetic field requires the solution of general relativistic magneto hydrodynamics equations which is
beyond the scope of the present work. Hence a choice for 1.γ.2 seems to be appropriate. However, preferred bound
7for realistic black hole accretion is from γ = 4/3 (ultra-relativistic flow) to γ = 5/3 (purely non relativistic flow), see,
e.g., [2] for further detail. Thus we mainly concentrate on 4/3≤γ≤5/3.
The domain for a lies clearly in between the values of the Kerr parameters corresponding to the maximally rotating
black hole for the prograde and the retrograde flow. Hence the obvious choice for a is −1≤a≤1. Although to be
mentioned here that an upper limit for the Kerr parameter has been set to 0.998 in some works, see, e.g., [60]. We, in
our work, however, do not consider any such interaction of accreting material with the black hole itself which might
allow the evolution of the mass and the spin of the hole as was considered in [60] to arrive at the conclusion about
such upper limit for the black hole spin.
The allowed domains for the four parameter initial boundary conditions are thus [1.E.2, 0 < λ≤4, ,
4/3≤γ≤5/3,−1≤a≤1].
The four parameter set [E , λ, γ, a] may further be classified intro three different categories, according to the way they
influence the characteristic properties of the stationary transonic solutions. [E , λ, γ] characterizes the flow, and not the
spacetime since the accretion is assumed to be non-self-gravitating. The Kerr parameter a exclusively determines the
nature of the spacetime and hence can be thought of as some sort of ‘inner boundary condition’ in a qualitative sense
since the effect of gravity truly requires the full general relativistic framework only out to several gravitational radii,
beyond which it asymptotically approaches the Newtonian description. [E , λ]⊂ [E , λ, γ] determines the dynamical
aspects of the flow, whereas γ determines the thermodynamic properties. To follow a holistic approach, one needs to
study the variation of the relevant features of the transonic accretion on all of these four parameters.
Once the values of the critical points are obtained (physically acceptable values of rc should be validated by the
criteria rc > r+), transonic accretion solutions can be obtained by integrating the corresponding expressions for
du
dr
subjected to the critical value of the
du
dr
, i.e., the value of
du
dr
evaluated at the critical point(s).
Expressions for the critical values of the space gradient of the dynamical velocities can be obtained as (see [18])
∣∣∣∣
(
du
dr
)
CH
∣∣∣∣
rc
=
1
rc
(
1− γ
1 + γ
)√
rcΦ′(rc)− λ
2
r2c
(30)
±
√√√√√ 1
r2c
(
1− γ
1 + γ
)2(
rcΦ′(rc)− λ
2
r2c
)
−
(
γ
r2
c
(rcΦ′(rc)− λ2r2
c
) + 3λ
2
r4
c
+Φ′′(rc)
)
√
rcΦ′(rc)− λ2r2
c
,
∣∣∣∣
(
du
dr
)
CM
∣∣∣∣
rc
=
2
rc
(
1− γ
1 + γ
)√
rcΦ′(rc)
2
− λ
2
2r2c
(31)
±
√√√√√ 4
r2c
(
1− γ
1 + γ
)2(
rcΦ′(rc)
2
− λ
2
2r2c
)
−
(
2(2γ−1)
r2
c
( rcΦ
′(rc)
2 − λ
2
2r2
c
) + 3λ
2
r4
c
+Φ′′(rc)
)
(1 + γ)
√
rcΦ′(rc)
2 − λ
2
2r2
c
,
∣∣∣∣
(
du
dr
)
VE
∣∣∣∣
rc
= 2uc
(
γ − 1
8γ
)[
3
rc
+
Φ′′′(rc)
Φ′(rc)
]
(32)
±
√
γ + 1
4γ
[
u2c
γ − 1
γ + 1
γ − 1
4γ
(
3
rc
+
Φ′′(rc)
Φ′(rc)
)2
− u2c
1 + γ
2
(
Φ′′′(rc)
Φ′(rc)
− 2γ
(1 + γ)2
(
Φ′′′(rc)
Φ′(rc)
)2
+
6(γ − 1)
γ(γ + 1)2
Φ′′(rc)
Φ′(rc)
− 6(2γ − 1)
γ2(γ + 1)2
)
− Φ′′(rc) + 3λ
2
r4c
]1/2
.
For certain values of [E , λ, γ, a], one obtains more than one (maximum three) physically acceptable (rc > r+) values
of the root of the corresponding
8E − f(rc, λ, γ) = 0 (33)
One can have integral accretion solutions (stationary) with one critical point (saddle type) or three critical points
where one center type critical point is found in between two saddle type critical points. In subsequent sections, we
shall develop an eigenvalue scheme to identify which critical point will be of what category. It is to be noted in this
context that a physical flow can be constructed only through a saddle type critical point.
At this stage the fundamental distinction between a formal multi-critical configuration and a realizable multi-
transonic flow requires certain clarification. For stationary axisymmetric accretion, multi-critical flow refers to the
orientation for which the algebraic solution of the equation expressing the form of the energy first integral of motion
evaluated at the critical point provides three formal roots for rc all of them being real positive and located outside
r+. Such configurations, however, does not necessarily produce multi-transonic flows. Critical point behavior is a
formal property of a differential equation of certain class describing certain behaviors of the first order autonomous
dynamical systems [61]. On the other hand, transonicity is a physical property which ensures that the flow makes
a smooth continuous transition for one state of sonicity to the other (from sub / super to the super / sub sonic
transition). Considering the fact that out of three formal critical points, the middle one being the center type and
hence not allowing any transonic solutions to be constructed through it, we explain why the realizable multi-transonic
solutions form a sub-class of the formal multi-critical configurations.
Subsonic flow starting at the large distance becomes supersonic after crossing the saddle type outer sonic point. Once
supersonic, flow cannot access another regular sonic point until it is made subsonic again. Certain additional physical
mechanism (a discontinuous shock transition in the present work). A shock-free multi-critical flow for solution is thus
a mathematical construct only, for which the in-going accretion solution remains mono-transonic in practice. The
physically realizable multi-transonic configuration is obtained by allowing the flow solution constructed through the
outer sonic point with the flow solution passing through the inner sonic point through a steady standing discontinuous
shock transition. In what follows, we discuss the criteria of such shock formation in somewhat detail.
c. Shock formation in axisymmetric inviscid accretion. — In this paper we deal with the angular
momentum supported shock transitions. Certain kind of perturbation may produce discontinuities in large scale
astrophysical flows. Such discontinuities are supposed to be manifested over a surface when certain dynamical and /
or thermodynamic flow variables change discontinuously across such surface, and the corresponding surface is marked
as the surface of discontinuity. Based on specific boundary conditions to be satisfied across the surface of discontinuity,
such surfaces are classified into various categories - the most important (in astrophysical fluid dynamics) being the
shock waves or shocks. For adiabatic flow of Newtonian fluid, the boundary conditions satisfied across the shock may
be expressed as in [62],
[[ρu]] = 0 (34)
[[p+ ρu2]] = 0 (35)
[[
u2
2
+ h]] = 0 (36)
where [[f ]] denotes the difference of any flow variable f across the shock, i.e. [[f ]] = f1 ∼ f2 where [f1, f2] are the
boundary values of the quantity f on the two sides of the shock surface.
Supersonic astrophysical flows are prone to shock formation phenomena in general and become subsonic after
the shock. The angular momentum supported centrifugal potential barrier acts as a repulsive agent (against the
attractive force of the gravity) to break the supersonic incoming flow (matter heading toward a black hole for our
case). Such shock formation in accretion astrophysics provides an effective mechanism for conversion of a significant
amount of the ordered gravitational potential energy into ’observable’ radiation by randomizing the inflow. The
issue of shock formation in this work will be addressed along two different directions. The energy preserving
Rankine - Hugoniot [62–66] shocks will be considered for the adiabatic flow, where the post shock temperature
shoots up compared to the position dependent temperature of the pre-shock flow. Higher post-shock temperature
9puffs up the disc structure which mimics (on local scale) a thick quasi-spherical configuration. The shock thick-
ness is considered to be infinitesimally small - in principle we deal with shocks with shocks with zero effective thickness.
For isothermal flow we consider temperature preserving shocks. Flow dissipates energy to maintain the invariance
of the temperature. The post-shock flow thickness does not get altered due to such shocks.
We define flow variables with the subscript ’-’ and ’+’ as the ’pre’ and ’post’ shock variables, respectively. For
constant height flow and flow in conical equilibrium, we obtain the shock condition as
[[
(γM2 + 1)2
2M2 + (γ − 1)M4
]]
= 0 (37)
and for flow in vertical equilibrium
[[
[M2(3γ − 1) + 2]2
2M2 + (γ − 1)M4
]]
= 0 (38)
For isothermal flow, the shock conditions are found to be model independent, i.e., independent of the flow geometry
and can be expressed as
ρ+u+ = ρ−u− (39)
P+ + ρ+u
2
+ = P− + ρ−u
2
− (40)
M+ +
1
M+
=M− +
1
M−
(41)
M
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FIG. 1: Phase portrait of polytropic transonic accretion in conical geometry
For conical polytropic flow, we show a representative phase portrait for multi-transonic shocked accretion in fig. 1
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for [E = 0.0003, λ = 3.05, a = 0.5]. ABCDE is the transonic accretion branch through the outer sonic point B.
The solution JHIJK through the inner sonic point J does not connect the outer boundary of r at infinity. But
Rankine-Hugoniot standing shock condition connects two branches of solution at CC1 and DD1. Hence the accretion
flow through the outer sonic point may jump discontinuously through DD1 to the other branch with higher specific
entropy being subsonic again and through that branch D1 JI it may become again supersonic. The other branch
FBG in the fig. 1 does not have much relevance in the context of accretion flow.
The Rankine - Hugoniot condition can be solved to obtain the region of the generic [E , λ, γ, a] which supports the
formation of steady standing shocks. In fig. 2, we have shown a two - dimensional projection of the four - dimensional
parameter space (the [E , λ] subspace of the [E , λ, γ, a] space for γ = 43 and a = 0.5) for conical flow.
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FIG. 2: The shaded region in E − λ space allowing shock for the conical model
Region marked by O and I provide monotransonic solutions exclusively passing through the outer type (located
far away from the black hole) and the inner type (located close to the black hole) sonic points, respectively. Region
A1 + A2 represents the multi-critical solutions for which the condition M˙in > M˙out is satisfied. [E , λ, γ, a]A2
represents the true multi-transonic region which represents the shock formation. [E , λ, γ, a]A3 provides multi-critical
flow with M˙out > M˙in. In such region, however, accretion flow remains mono-transonic.
In fig. 0 c, we plot the [E , λ, γ, a]shock for three different flow models as shown in the figure.
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FIG. 3: Figure in the left side compares the shock allowing regions for three models. Dashed (blue in online version) lines for
constant height, dotted (red in online) lines for conical and solid (green in online) lines for vertical equilibrium model. The
figure in right side magnifies the common region
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FIG. 4: Variation of shock location with spin for three models at different values of 1 λ (see text). Line types and color scheme
are same as previous figure
We find that the constant height flow accommodates standing shock for a relatively higher value of λ ( λ still
remains sub-Keplerian, though). Fig. 0 c shows the region of [E , λ, γ, a] common to all three flow geometries which
allows the shock formation.
M−
M+
10
100
a
0.3 0.4 0.5 0.6
λ = 3.02
E = 0.0003
FIG. 5: Variation of shock strengths with spin for three models (Line types and color scheme same).
This mutually overlapping shock forming [E , λ] region, and its generalized version in the four dimensional [E , λ, γ, a]
space is very crucial finding of our present work. If one requires comparison between three different models based
on any physical process / value of the flow variable corresponding to the multi-transonic shocked accretion, one has
to take [E , λ] from the subspace as shown in fig. 0 c. In fig. 4, we show the dependence of the shock location on
the black hole spin parameter for constant height flow (hereafter any variation in the figure corresponding to the
constant height flow will be drawn using blue color and will be marked by H . For conical flow and flow in hydrostatic
equilibrium similar variations will be depicted using red and green color, respectively, and will be marked by C and
V , respectively), conical flow and flow in vertical equilibrium for [E = 0.0003, γ = 4/3] and for three sets of specific
angular momentum, λ = 2.6 (left most set of curves), λ = 3.02 and λ = 3.3 (right most set of curves), respectively.
We find that the shock location non-linearly correlates with black hole spin (same result has been obtained for full
general relativistic flow in the Kerr metric, see, e.g., Figure 1 in [67].
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FIG. 6: Variation of different shock parameters with a, in comparing three models (line types and color scheme same)
It is intuitively obvious that the shocks located closer to the black hole event horizon is stronger. This is because
of the fact that more amount of gravitational potential energy is available to be released for smaller shock location.
We quantitatively demonstrate such finding through fig. 5, where we have plotted the shock strength (defined by the
pre to post shock values of the Mach number) as a function of the Kerr parameter.
Clearly, stronger shocks are produced for smaller shock locations. It is also observed that for the same shock
location, the shock is strongest for constant height flow and is weakest for flow in vertical equilibrium. In fig. 6, the
variation of the ratio of post to pre-shock quantities have been shown as a function of the black hole spin.
The density compression ratio ρ+/ρ−, ratio of temperature T+/T− and pressure p+/p− anti-correlate with the Kerr
parameter for obvious reason (that stronger, hotter and intensely compressed post shock flows are generated closer
to the event horizon).
d. Isothermal Flow. — A typical shocked multi-transonic flow topology is shown in fig. 7 for [T10 = 1, λ =
3.05, a = 0.5] .
The two dimensional projection of the three dimensional [T, λ, a] parameter space is shown in fig. 8 for conical
model with the black hole spin parameter a = 0.5.
The symbols O and I represent mono-transonic accretion constructed through the outer and the inner sonic points,
respectively. (A1 + A2) represents the multi-critical region for which ξin > ξout and A3 represent the multi-critical
region for ξin < ξout. For A1 and A3 , however, ingoing accretion flow is mono-transonic, passing through the outer
sonic point for [T, λ]A1 and through the inner sonic point for [T, λ]A3 . [T, λ]A2 provides the true multi-transonic
accretion endowed with a temperature preserving standing shock. fig. 9 shows the parameter space spanned by T and
λ for which the shock formation is possible for three different flow geometries.
Once again, the constant height flow allows a larger [T, λ] region for the shock formation compared to other two
flow geometries. We have a large overlapping region here for the formation of the isothermal shock. The enlarged
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FIG. 7: Phase plot for isothermal accretion with isothermal shocks, similar to polytropic one (see fig. 1)
FIG. 8: Region of parameter space allowing isothermal shock (see text)
(sufficiently zoomed in) common region is shown in fig. 9.
The variation of the shock location with the black hole spin parameter is shown in fig. 10.
The rsh− a variation follows the same trend as obtained in the polytropic flow. The variation of the shock strength
with the Kerr parameter has been shown in fig.11.
Stronger shocks are formed closer to the horizon and constant height flow produces the strongest possible shock
variation of the density compression ratio as well as the ratio of the post to pre-shock pressure on the black hole spin
is shown in fig. 12.
e. Stability of the stationary flow. — The stability of the stationary flow configuration is to be ensured
for the validity of this model. Following the method depicted in refs.[14, 58, 68–70], one introduce time dependent
perturbation of the form u(r, t) = u0(r) + u˜(r, t) and ρ(r, t) = ρ0(r) + ρ˜(r, t) where the quantities with suffix 0
correspond to the values for stationary flow at a particular r and the the additional time dependent parts under
tilde are the corresponding perturbing parts. These quantities are introduced into the time dependent counterparts
of continuity equation, eq. (9) and Euler equation, eq. (8). Following the same line of argument as mentioned in the
ref.[] with general form of pseudo-potential φ, one may show that within the time evolution equation of the perturbing
part of the mass accretion rate f = ρurH , the potential φ does not enter, as long as it being a function of radial
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FIG. 9: Comparison of regions allowing isothermal shock in parameter space for different models (color scheme same). The
figure in right magnifies the common region of the figure in left.
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FIG. 10: Variation of shock location with a for three models.
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FIG. 11: Variation of shock strength with a for three models.
15
ρ+
ρ
−
0
20
40
60
80
100
a
0.48 0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64
T10 = 1
λ = 3.02
P+
P
−
0
20
40
60
80
100
a
0.48 0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64
T10 = 1
λ = 3.02
FIG. 12: Variation of shock parameters with a for three models.
distance r only. Thus the time evolution equation of the perturbing part f˜ becomes ref. [14]
∂µ
(
fµν∂ν f˜
)
= 0 , (42)
in which the Greek indices are made to run from 0 to 1, with the identification that 0 stands for t, and 1 stands for
r; and
fµν =
u0
f0
(
1 u0
u0 u
2
0 − σc2s0
)
; (43)
σ being a model dependent parameter such that σ = 1 for CH and CM while σ = 2/(γ+1) for VE. Hence following the
argument of refs.[14, 58], basing upon the identical time evolution equation, it may be concluded that the stationary
flow is stable in this case too.
Moreover comparing it with wave equation of a scalar (say ψ) in curved space time i.e.,
1√−g
[
∂µ
(√−ggµν∂ν)ψ] = 0 (44)
(where g = det(gµν)) following [Visser1998], one may form an effective metric for the acoustic perturbation (henceforth
to be called as acoustic metric, Gµν) as
√−det(Gµν)Gµν ≡ fµν .
f. Acoustic Surface Gravity : Dependence on the black hole spin parameter. — The metric elements
Gµν corresponding to the sonic geometry is obtained as a consequence of the linear stability analysis. This we have
demonstrated in the previous section. The acoustic surface gravity κ for the stationary background fluid can be
obtained as (see ref.[18])
κ =
∣∣∣∣∣
√
(1 + 2φ(r))
(
1− λ
2
r2
− 2φ(r)λ
2
r2
)(
1
1− cs2c
[
du
dr
∣∣∣∣
c
− dcs
dr
∣∣∣∣
c
])∣∣∣∣∣ . (45)
As is obvious from the explicit expression of κ , the surface gravity is a function of our four parameter initial
boundary condition governing the flow, i.e., κ = κ[E , λ, γ, a].
For a fixed set of values of [E , λ, γ], we would like to calculate κ at the inner sonic point for a multi-transonic flow for a
range of Kerr parameters to study the dependence of the acoustic surface gravity on black hole spin. κ−a relationship
could also be demonstrated for the outer acoustic horizon for a shocked flow. However, κ at the outer acoustic horizon
has numerical value way less compared to that of calculated at the inner acoustic horizon. This is a generic property
(that κin >> κout) found independent of the nature of the background space-time metric, geometric configuration of
the accretion flow, as well as the thermodynamic equation of state used to describe the matter flow in general. This
indicates that the numerical value of the acoustic surface gravity correlates with the strength of the gravitational
attraction of the background gravitational field. Also to mention in this context that κout is not sensitive enough on ’a’
when evaluated at the outer acoustic horizon. This is intuitively obvious because at the outer acoustic horizon (which
forms a large distance away from the black hole), space-time becomes asymptotically flat and the effect of the black
hole spin does not really affect the dynamics of the flow, and hence the nature of the sonic geometry embedded within.
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FIG. 13: Variation of surface gravity with a for three polytropic flow models.
In fig. 13 and fig. 14, we show the κ− a dependence for adiabatic as well for the isothermal accretion, respectively,
for three different flow geometries considered in our work.
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FIG. 14: Variation of surface gravity with a for three isothermal flow models.
Note that the E − λ parameter space responsible for shock formation allows a rather narrow range of the black
hole spin when we consider the multi-transonic parameter space common to all three flow models. Hence for a fixed
value of [E , λ, γ] or [T, λ] , to find an appreciable span of ’a’ is rather non-trivial while comparing the nature of κ− a
variation for different flow configurations. One can, however, bypass such constraints by studying the dependence of
the acoustic surface gravity as a function of the black hole spin for mono-transonic flow constructed through the inner
acoustic horizon. For such flow configuration, the entire range of ’a’, i.e., [−1, 1], may be accessed and hence a more
comprehensive information about κ− a variation may be obtained.
g. Acknowledgement. — S. Sen would like to acknowledge the kind hospitality provided by HRI, Allahabad,
India, under a visiting student research programme. The visits of S. Sen, SR and SN at HRI was partially supported
by astrophysics project under the XIIth plan at HRI. TKD would like to acknowledge the hospitality provided by
17
Department of Physics, Sarojini Naidu College for Women, Kolkata. The work of SN was partially supported by UGC
MRP No.PSW-163/13-14.
[1] E. P. T. Liang and K. A. Thomson. . ApJ, 240:271, 1980.
[2] J. Frank, A. King, and D. Raine. Accretion Power in Astrophysics. Cambridge University Press, Cambridge, 2002.
[3] S. Kato, J. Fukue, and S. Mineshige. Black Hole Accretion Disc. Kyoto University Press, 1998.
[4] M. A. Abramowicz and W. H. Zurek. . ApJ, 246:314, 1981.
[5] B. Muchotrzeb and B. Paczynski. . Acta Actron., 32:1, 1982.
[6] B. Muchotrzeb. . Acta Astron., 33:79, 1983.
[7] B. Muchotrzeb-Czerny. . Acta Astronomica, 36:1, 1986.
[8] O. Blaes. . MNRAS, 227:975, 1987.
[9] S. K. Chakrabarti. . ApJ, 347:365, 1989.
[10] M. A. Abramowicz and S. Kato. . ApJ, 336:304, 1989.
[11] M. A. Abramowicz and S. K. Chakrabarti. . ApJ, 350:281, 1990.
[12] T. K. Das. ApJ, 577:880, 2002.
[13] T. K. Das, J. K. Pendharkar, and S. Mitra. ApJ, 592:1078, 2003.
[14] S. Nag, S. Acharya, A. K. Ray, and T. K. Das. New Astronomy, 17:285 – 295, 2012.
[15] Novello, Visser, and Volovik, editors. Artificial Black Holes. World Scientific, Singapore, 2002.
[16] R. Schu¨tzhold and W. H. Unruh, editors. Quantum Analogues: From Phase Transitions to Black Holes and Cosmology.
Springer, Berlin, 2007.
[17] Carlos Barcelo´, Stefano Liberati, and Matt Visser. Analogue gravity. Living Rev. Relativity, 14:3, 2011.
[18] Neven Bilic´, Arpita Choudhary, Tapas K Das, and Sankhasubhra Nag. The role of axisymmetric flow configuration in the
estimation of the analogue surface gravity and related hawking like temperature. Class. Quantum Grav., 31:035002, 2014.
[19] J. M. Miller, C. S. Reynolds, A. C. Fabian, G. Miniutti, and L. C. Gallo. . ApJ, 697:900, 2009.
[20] Y. Kato, M. Miyoshi, R. Takahashi, H. Negoro, and R. Matsumoto. . MNRAS, 403:L74, 2010.
[21] J. Ziolkowski. . Memorie della Societ´’A Astronomica Italiana, 81:294, 2010.
[22] A. Tchekhovskoy, R. Narayan, and J. C. McKinney. . ApJ, 711:50, 2010.
[23] R. A. Daly. . MNRAS, 414:1253, 2011.
[24] S. D. Buliga, V. I. Globina, Y. N. Gnedin, T. M. Natsvlishvili, M. Y. Pitrovich, and N. A. Shakht. . Astrophysics, 54:548,
2011. Issue 4, pp.
[25] C. S. Reynolds, L. W. Brenneman, A. M. Lohfink, M. L. Trippe, J. M. Miller, R. C. Reis, M. A. Nowak, and A. C. Fabian.
Probing relativistic astrophysics around smbhs: The suzaku agn spin survey. In Exploring the X-ray Universe: Suzaku
and Beyond., volume 1427 of AIP Conference Proceedings, pages 157–164, em SUZAKU 2011, 2012.
[26] J. E. McClintock, R. Narayan, S. W. Davis, L. Gou, A. Kulkarni, J. A. Orosz, R. F. Penna, R. A. Remillard, and J. F.
Steiner. . Classical and Quantum Gravity, 28:114009, 2011. Issue 11.
[27] A. Mart`ınez-Sansigre and S. Rawlings. . MNRAS, 414:1937, 2011.
[28] T. Dauser, J. Wilms, C. S. Reynolds, and L. W. Brenneman. . MNRAS, 409:1534, 2010.
[29] C. J. Nixon, P. J. Cossins, A. R. King, and J. E. Pringle. . MNRAS, 412:1591–1591, 2011.
[30] A. Tchekhovskoy and J. C. McKinney. . MNRAS, 423:L55, 2012. Issue 1.
[31] D. Garofalo. Retrograde versus prograde models of accreting black holes. Advances in Astronomy, 2013. Article ID 213105.
[32] J. C. McKinney, A. Tchekhovskoy, and R. D. Blandford. . Science, 339:49, 2013.
[33] L. Brenneman. Measuring the angular momentum of supermassive black holes. In SpringerBriefs in Astronomy, pages
978–1. Springer, 2013. ISBN-4614-7770-9.
[34] M. Dotti, M. Colpi., S. Pallini, A. Perego, and M. Volonteri. . ApJ, 762, 2013. Issue 2, article id. 68, 10 pp.
[35] A. Sesana, E. Barausse, M. Dotti, and E. M. Rossi. , 2014.
[36] A. C. Fabian, M. L. Parker, D. R. Wilkins, J. M. Miller, E. Kara, C. S. Reynolds, and T. Dauser. . MNRAS, 439:2307,
2014.
[37] J. Healy, C. Lousto, and Y. Zlochower. , 2014.
[38] J. Jiang, C. Bambi, and J. F. Steiner. , 2014.
[39] R. Nemmen and A. Tchekhovskoy, 2014.
[40] T. K. Das and B. Czerny. New Astronomy, 17(3):254–271, 2012.
[41] Sandip K. Chakrabarti and Ramon Khanna. MNRAS, 256:300–306, 1992.
[42] I. V.n Artemova, G. Bjo¨rnsson, and I. D. Novikov. ApJ, 461:565, 1996.
[43] Oldrich SemerA˜¡k and VladimA˜r Karas. Astronomy and Astrophysics, 343:325–332, 1999.
[44] T. Lovas. International Journal of Modern Physics D, 7(3):471–488, 1998.
[45] Banibrata Mukhopadhyay. ApJ, 581:427–430, 2002.
[46] Sandip K. Chakrabarti and Soumen Mondal. MNRAS, 369:976–984, 2006.
[47] Shubhrangshu Ghosh and Banibrata Mukhopadhyay. ApJ., 667:367–374, 2007.
[48] Shubhrangshu Ghosh, Tamal Sarkar, and Arunava Bhadra. MNRAS, 445:4460–4476, 2014.
18
[49] V. Karas and M. A Abramowicz. Modified newtonian potentials for particles and fluids in permanent rotation around
black holes. arXiv:1412.6832, 2014.
[50] N. I. Shakura and R. A. Sunyaev. . A&A, 24:337, 1973.
[51] I. Novikov and K. S. Thorne. . In C. De Witt and B. De Witt, editors, Black Holes. Gordon and Breach, New York, 1973.
[52] A. M. Beloborodov and A. F. Illarionov. MNRAS, 323:167, 1991.
[53] I. V. Igumenshchev and A. M. Beloborodov. MNRAS, 284:767, 1997.
[54] D. Proga and M. C. Begelman. ApJ., 582:69, 2003.
[55] S Chandrasekhar. Proc. Natl. Acad. Sci. USA, 46:253?7, 1960.
[56] S A Balbus and J F Hawley. Rev. Mod. Phys., 70:1–53, 1998.
[57] L. D. Landau and E. M. Lifshitz. Physical Kinetics. Pergamon Press, in Course of Theoretical Physics, Volume 10,, 1981.
[58] S. Chaudhury, A. K. Ray, and T. K. Das. . MNRAS, 373:146, 2006.
[59] T. K. Das and S. K. Chakrabarti. . Class. Quantum Grav., 16:3879, 1999.
[60] K. S. Thorne. . ApJ, 191:507, 1974.
[61] D. W. Jordan and P. Smith. Nonlinear Ordinary Differential Equations. Oxford University Press, Oxford, 1999.
[62] L. D. Landau and E. M. Lifshitz. Fluid Mechanics. Butterworth-Heinemann, Oxford, 1987.
[63] W. J. M. Rankine. . Philosophical Transactions of the Royal Society of London, 160:277, 1870.
[64] H. Hugoniot. . Journal de l’E`cole Polytechnique, 57:3, 1887.
[65] H. Hugoniot. . Journal de l’E`cole Polytechnique, 58:1, 1887.
[66] M. D. Salas. . Shock Waves, 16:477, 2006.
[67] Tapas K. Das, Sankhasubhra Nag, Swathi Hegde, Sourav Bhattacharya, Ishita Maity, Bozena Czerny, Paramita Barai,
Paul J. Wiita, VladimA˜r Karas, and Tapan Naskar. Black hole spin dependence of general relativistic multi-transonic
accretion close to the horizon. New Astron., in press, 2014.
[68] J. A. Petterson, J. Silk, and J. P. Ostriker. MNRAS, 191:571–579, 1980.
[69] T. Theuns and M. David. ApJ., 384:587–604, 1992.
[70] A. K. Ray. . MNRAS, 344:83, 2003.
[71] K is a measure of the entropy per particle as expressed through 16. Any function of K, when multiplied by the total
amount of mass flowing in per unit time, provides a measure of the total amount of inward entropy flux per unit time. M˙
is thus called the entropy accretion rate. The concept of the entropy accretion rate was first introduced by Blaese [8]
[72] A positive Bernoulli’s constant flow is essential to study the accretion phenomena so that it can incorporate the accretion
driven outflows (see [59] and references therein).
